Fermions in (anti) de Sitter gravity theory in four dimensions are considered. Especially we propose new fermion actions to derive a Weyl or Majorana fermion action if we break the AdS (dS) group to the Lorentz group in curved spacetime.
Introduction
(Anti) de Sitter gravity is the gauge theory of gravitation whose gauge group G is SO (2, 3) for anti de Sitter or SO (1, 4) [4] . In this theory, a spacetime metric is not assumed in advance. We construct a SO (2, 3) or SO(1, 4) (topological) gauge theory and breaking the AdS or dS symmetry to the Lorentz group spontaneously by a spacetime scaler Higgs field Z A . This procedure derives a spacetime metric and the Einstein gravitational theory with the negative cosmological constant for SO (2, 3) and the positive cosmological constant for SO (1, 4) . The remaining symmetry SO(1, 3) becomes the local Lorentz group in the gravitational theory. This naturally generates a metric and derives the gravity from gauge theoretical formulation of a field theory without a metric.
Weyl and Majorana spinors appear in realistic models. The standard model includes chiral matters and there are interesting predictions that neutrinos have Majorana nature [5] .
However the groups SO(t, s)'s have different spinor representations depending on natural numbers t and s. SO (2, 3) and SO(1, 4) do not have any Weyl representation. A Majorana representation is not permitted in SO (1, 4) . Moreover a fermion quadratic action similar to the Dirac action in a Majorana spinor generally contradicts the charge conjugations in SO(2, 3) or SO(1, 4) [7] [8] . It is nontrivial and challenging to construct Weyl and Majorana spinor actions in the AdS (dS) gravity.
In this paper, we propose a new mechanism to derive a chiral fermion action from the nonchiral action. Our idea is that we construct a SO(2, 3)(SO (1, 4) ) invariant action to derive Weyl or Majorana fermion action when we break the symmetries to SO(1, 3) spontaneously.
The paper is organized as follows. In section 2, we review the (anti) de Sitter gravity theory. In section 3, we explain Dirac fermion actions in the AdS(dS) gravity. In section 4, we construct SO(2, 3) and SO(1, 4) actions which derive Weyl fermion actions in the gravitational theory in four dimensions after breaking the symmetries. In section 5, we do the same process as in section 4 for Majorana fermions. Section 6 includes conclusion and discussion. In appendix, we summarize formulae of gamma matrices and charge conjugations in SO(1, 3), SO(2, 3) and SO(1, 4) groups. 2 We call the 'anti de Sitter group' for SO(2, 3) and the 'de Sitter group' for SO(1, 4).
We summarize preliminary results of the (anti) de Sitter gravity (AdS(dS) gravity).
The (anti) de Sitter gravity is the gauge theory of gravitation whose gauge group G is SO(2, 3) for anti de Sitter or SO(1, 4) for de Sitter. We consider four dimensional spacetime and a tangent vector space R 5 as the internal space. We define an special internal vector
where the capital Latin letter A = 1, 2, 3, 4, 5 are internal indices and x µ are spacetime coordinates. The signatures in the right hand side in the equation (1) are −l 2 for SO (2, 3) and +l 2 for SO (1, 4) . SO(2, 3)(SO(1, 4)) acts to Z A as a symmetry to make the equation (1) invariant.
First we consider the SO(2, 3) case. We consider a connection field ω µAB and define a covariant derivative
where Greek letters are spacetime indices which runs from 1 to 4, µ = 1, 2, 3, 4, and ψ is a Dirac fermion.
is the generator of the SO(2, 3) Lie algebra, where the definition and formulae of gamma matrices γ ′ A appear in the appendix. The field strength is derived from the equation
R µνAB takes the form
We construct a SO(2, 3) invariant action
where ǫ ABCDE and ǫ µνρσ are completely antisymmetric tensors with ǫ 12345 = 1 and ǫ 1234 = 1, respectively. It should be remarked that this action is topological in the gauge theoretical sense and that a metric is not introduced ad hoc. In contrast to the usual gauge theories, this action breaks the conformal invariance, which leads us to the nontrivial dynamics [6] .
We break the SO(2, 3) group to the local Lorentz group SO(1, 3) as
This breaking derives the vierbein e µa ,
where the small Latin letters are a = 1, 2, 3, 4. The field strength is
is nothing but the gravitational Riemann tensor and e [µa e ν]b = e µa e νb − e νa e µb . L grav takes the Einstein gravity form
Here ∂ µ C µ is the topological Gauss-Bonnet term. e = det(e µa ) and G is the gravitational constant derived from 16πG = g 2 l 2 .
In the SO(1, 4) case, we replace the gamma matrices γ ′ A by γ A . We consider a connection field ω µAB and define a covariant derivative
where
is the generator of the SO(1, 4) Lie algebra.
The field strength is derived from the equation
R µνAB takes the same form
We construct a SO(1, 4) invariant action
We break the SO(1, 4) group to the local Lorentz group SO(1, 3) as
This breaking leads to
Also the field strength becomes
whereR µνab takes the same form as (10) . L grav takes the form
The cosmological constant is a negative term − + 
Dirac Fermion in AdS(dS) Gravity
In this section, we review the Dirac fermion actions in the AdS(dS) gravity theory [4] .
Let ψ be a SO(2, 3)(SO(1, 4)) Dirac fermion. Note that a SO(2, 3)(SO(1, 4)) Dirac spinor ψ is a SO(1, 3) Dirac spinor because SO(2, 3)(SO(1, 4)) gamma matrices are the same form as SO(1, 3) gamma matrices if we add γ 5 .
SO(2, 3)
First we consider the AdS (SO(2, 3)) gravity. A SO(2, 3) invariant Dirac spinor action is defined as [4] 
Hereψ
We consider always the sum of L grav and fermionic part but do not write L grav explicitly hereafter. but we regard that the Lagrangian is always the sum of the gravitational part L grav and the fermion part.
By the symmetry breaking (7) 
reduces to the Dirac action in the four dimensional curved spacetime
SO(1, 4)
In the dS SO(1, 4) gravity, we consider a SO(1, 4) invariant Dirac spinor action
which is a slightly different form from the SO(2, 3) case. Hereψ = ψ † γ 4 and
By the symmetry breaking (17) from SO(1, 4) to SO(1, 3), L Dirac reduces to the Dirac action in the four dimensional curved spacetime
In this case, we also have a mass
4 Weyl Fermion 
SO(2, 3)
Let ψ be a SO(2, 3) Dirac spinor. We introduce a projection operator,
and define
Since P ± is SO(2, 3) covariant, ψ ± is a covariant spinor. We can construct a SO(2, 3) invariant action by modifying (21),
If we break the SO(2, 3) symmetry
P ± reduce to the chiral projectionsP ±
Then ψ + becomes Weyl spinorsψ ±
which have definite chirality respectively.
The action (32) becomes a SO(1, 3) massless Weyl fermion action
Since the chiral projections make the two components to zero among four components of Dirac spinors, the mass term automatically drops out.
SO(1, 4)
Let ψ be a SO(1, 4) Dirac spinor. In the SO(1, 4) case, we introduce
Since P ± is SO(1, 4) covariant, ψ ± is a covariant spinor. We can construct SO(1, 4) invariant action by modifying (26),
If we break the SO(1, 4) symmetry as
Then ψ + becomes Weyl fermionsψ ± ,
The action (40) becomes a SO(1, 3) massless Weyl fermion action
Again the mass term drops out.
Majorana Fermion
A Majorana fermion ψ M in four dimensional spacetime with the local Lorentz symmetry is defined by
where C is the charge conjugation in four dimensional spacetime. If we take the Dirac (Pauli) basis, C is
However C is not covariant under either SO(2, 3) or SO(1, 4). ψ M is not consistent with the SO(2, 3) (SO (1, 4) ) covariance.
In the following, we consider the consistent SO(2, 3) (SO (1, 4) ) 'charge conjugation' and an action to derive a Majorana fermion action by breaking the SO(2, 3) (SO (1, 4) ) symmetry to the SO(1, 3) symmetry.
SO(2, 3)
The SO(2, 3) gamma matrices γ ′ A are constructed as
which appear the action (21) of the SO(2, 3) Dirac spinor in section 3.
The SO(2, 3) charge conjugation C has to preserve SO(2, 3) covariance of spinors of ψ M and Cψ T M , From this requirement and properties of SO(2, 3) gamma matrices γ ′ A in the appendix, we have two candidates
Here
is equal to the SO(1, 3) charge conjugation (46). Therefore we can take C = C 2 as the SO(2, 3) charge conjugation 4 . C 2 satisfies
AdS 'Majorana' fermion ψ M is defined by
We propose a SO(2, 3) invariant AdS 'Majorana' fermion action by replacing a Dirac spinor to an AdS 'Majorana' spinor in the action (21)
Let us investigate consistency of this action. Substituting (50) to the right hand of (51), we
We can easily check that (52) is equal to (51) as follows:
Here we have used the Grassmann property of ψ M , the identities of C 2 and the gamma matrices (49). Thus (52) is equal to (51) Majorana fermion action in the Einstein gravitational theory in four dimensions
The Majorana mass is
SO(1, 4)
dS 'Majorana' fermion ψ M is also defined by
where C is a SO(1, 4) 'charge conjugation'. Let us take two candidates for the 'charge conjugation' from the SO(1, 4) covariance of ψ M and Cψ T M ,
B defined by
must satisfy B * B = 1 since a charge conjugation has a Z 2 symmetry. If we define B 3 as
B 4 defined by
satisfies
Since B's constructed from both C 3 and C 4 satisfy B * B = −1, neither C 3 nor C 4 can be defined as a consistent charge conjugation. We could also consider more general candidates covariant to SO(1, 4):
where θ 3 and θ 4 are phase factors. However B's constructed from both C . Now we consider a third candidate:
C 5 satisfies
ψ M and C 5ψ T M are covariant under the SO(1, 4) group and if we define
satisfy the Z 2 symmetry condition B * 5 B 5 = 1. Moreover if we break the SO(1, 4) symmetry to SO (1, 3) as (17), we obtain the SO(1, 3) charge
6 Note that C = C 5 is not a charge conjugation in the SO(1, 4) spacetime symmetry in five dimensions.
Therefore the SO(1, 4) charge conjugation is
and a dS 'Majorana' spinor
We propose a SO(1, 4) invariant dS 'Majorana' fermion action by replacing a Dirac spinor to a dS 'Majorana' spinor in the action (26)
We can prove the consistency of the action (71) for the charge conjugation C 5 similar to
If we break the SO(1, 4) symmetry by Z A = (0, 0, 0, 0, l), (71) becomes the Majorana fermion action in the Einstein gravitational theory in four dimensions
and a mass
is obtained in the SO(1, 4) case.
Conclusions and Discussions
We have constructed SO(2, 3) and SO(1, 4) invariant fermion actions which derive Weyl fermion actions or Majorana fermion actions with the AdS and dS gravity after breaking the symmetries to SO (1, 3) .
The keys ingredients are chiral projection operators and charge conjugations. In Weyl fermion case, we have constructed SO(2, 3) and SO(1, 4) invariant operators P ± which reduce to and chiral projections if we break the symmetries to SO(1, 3) in Weyl fermions. In
Majorana fermion case, we have constructed that SO(2, 3) and SO(1, 4) covariant 'charge conjugations' C 2 and C 5 which becomes the SO(1, 3) charge conjugation if we break the symmetries to SO(1, 3).
The following remarks are in order. Our theory arrives finally at a SO(1, 3) invariant theory. However, it is not the same as the theory which is SO (1, 3) invariant from the start.
For instance, the usual SO(1, 3) invariant gravity does not allow the metric as the gauge ingredient. The equations (11) and (20) are invariant under SO(1, 3) but with the special coefficients of three terms with topological term, only in which case some conserved quantities appear [9] . The same thing occurs for the case in the presence of the fermions. This becomes more explicit if we consider the fluctuations Z A from (7) and (17) 
SO(1, 3) Metric
We take a local coordinate (x 1 , x 2 , x 3 , t) in four dimensions and a SO(1, 3) invariant metric with the signature (+, +, +, −). We define an imaginary coordinate x 4 = it and we use a coordinate (x 1 , x 2 , x 3 , x 4 ) with the signature (+, +, +, +).
SO(2, 3) Metric
We consider a five vector (Z 1 , Z 2 , Z 3 , T 1 , T 2 ) and SO(2, 3) is defined as the invariant group of the norm Z Z 5 = l is real, where l is a real number.
SO(1, 3) and SO(1, 4) Gamma Matrix
We take gamma matrices γ a in the Lorentz group. where gamma matrices satisfy
where a = 1, 2, 3, 4. We call γ a the SO(1, 3) gamma matrices. γ 5 is defined as
Then gamma matrices including γ 5 satisfy
where A = 1, 2, 3, 4, 5.
SO(1, 4) gamma matrices are defined as γ A = (γ a , γ 5 ).
The gamma matrices are hermitian
A useful formula is
The symmetry generators s AB are given by
We take the Dirac (Pauli) basis of gamma matrices in this paper, 
where σ 1 , σ 2 and σ 3 are the Pauli matrices and I is the 2 × 2 unit matrix. This basis satisfies 
This basis is useful to consider a Weyl fermion.
Let ψ be a Dirac spinor for SO (1, 3) or SO (1, 4) .ψ is defined asψ = ψ † γ 4 for both SO(1, 3) and SO(1, 4).
SO(2, 3) Gamma Matrix
We define SO(2, 3) gamma matrices γ ′ A in the AdS gravity as follows:
Then γ a ≡ iγ 
We have taken the Dirac basis for SO(1, 3) gamma matrices γ A . Then γ 
The symmetry generators given by 
S † AB = S AB . S ab = s ab .
There is a useful formula
Let ψ be a Dirac spinor for the SO(2, 3) group. We defineψ asψ = ψ † γ ′ 5 γ ′ 4 .
